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-1 -6 3
1 A line / has equation X 5 = Y c = z +7 and a plane p has equation x + 2y — z = 40.

(i) Find the acute angle between [ and p.

(ii) Find the perpendicular distance from the point (1, 6, —3) to p.

i 1+
2 Itis given that z = e where 0 < 0 <27, and w = ] z

_Z.

(i) Prove that w =icot %9.

[4]
[2]

[3]

(ii) Sketch separate Argand diagrams to show the locus of z and the locus of w. You should show

the direction in which each locus is described when 6 increases in the interval 0 < 6 < 2.

3  The variables x and y satisfy the differential equation

d
ay + 4y = 5cos 3x.

(i) Find the complementary function.
(i) Hence, or otherwise, find the general solution.

(iii) Find the approximate range of values of y when x is large and positive.

4 A group G, of order 8, is generated by the elements a, b, c. G has the properties
a=b>=c*>=e, ab=ba, bc=cbh, ca=ac,

where e is the identity.
(i) Using these properties and basic group properties as necessary, prove that abc = cba.

The operation table for G is shown below.

e a b c bc ca ab abc
e e a b c bc ca ab abc
a a e ab ca abc c b bc
b b ab e bc c abc a ca
c c ca bc e b a abc ab
bc | bc abc ¢ b e ab ca a
ca | ca c abc a ab e bc b
ab | ab b a abc ca bc e c
abc | abc bc ca ab a b c e

(ii) List all the subgroups of order 2.
(iii) List five subgroups of order 4.

(iv) Determine whether all the subgroups of G which are of order 4 are isomorphic.
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[2]
[7]
[2]

[2]

[2]
[3]
[2]



3

5  The substitution y = u*, where & is an integer, is to be used to solve the differential equation

x% + 3y = x%y? (A)

by changing it into an equation (B) in the variables u and x.

(i) Show that equation (B) may be written in the form

du 3 1
ot el [4]

(ii) Write down the value of k& for which the integrating factor method may be used to solve
equation (B). 1]

(iii) Using this value of &, solve equation (B) and hence find the general solution of equation (A),
giving your answer in the form y = f(x). [4]

6 (a) The setof polynomials {ax + b}, where a, b € R, is denoted by P. Assuming that the associativity
property holds, prove that P, under addition, is a group. [4]

(b) The set of polynomials {ax + b}, where a, b € {0, 1, 2}, is denoted by Q. It is given that Q,
under addition modulo 3, is a group, denoted by (Q, +(mod3)).

(i) State the order of the group. [1]
(ii) Write down the inverse of the element 2x + 1. [1]

(iii) q(x) = ax + b is any element of Q other than the identity. Find the order of q(x) and hence
determine whether (Q, +(mod3)) is a cyclic group. [4]
7  (In this question, the notation AABC denotes the area of the triangle ABC.)

The points P, Q and R have position vectors pi, gj and 7k respectively, relative to the origin O, where
P, g and r are positive. The points O, P, Q and R are joined to form a tetrahedron.

(i) Draw a sketch of the tetrahedron and write down the values of AOPQ, AOQR and AORP. [3]

(ii) Use the definition of the vector product to show that %|I¥’) X R_Q)| = APQOR. [1]

(iii) Show that (AOPQ)? + (AOQR)? + (AORP)? = (APQOR)>. [6]

8 (i) Use de Moivre’s theorem to express cos 460 as a polynomial in cos 6. [4]
(i) Hence prove that cos460 cos260 = 16 cos®0 — 24 cos*6 + 10cos? 6 — 1. [1]

(iii) Use part (ii) to show that the only roots of the equation cos 46 cos20 = 1 are 6 = nrm, where n is

an integer. [3]

(iv) Show that cos460 cos26 = —1 only when cos 8 = 0. [3]
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1 (@ M1* For using scalar product of line and plane
. I[5.6,-71.[1,2,-1]
6 =sin vectors .
\/52 162 +(=7) \/12 122 4 (-1) Ml For both moduli seen
(*dep)
.1 24 . . Al For correct scalar product
0 =sin m =69.1 (69099 5 1206) Al 4 For correct angle
. 1 I[5,6,-71x[1,2,-1] SR For vector product of line and plane vectors
¢ =sin > 5 > 2 > MI* AND finding modulus of result
\/ 57467 +(-7) \/ F+2°+(-D)" M1 For moduli of line and plane vectors seen
(*dep)
¢= sin~ ! ﬂ —209° = 9=69.1° Al For correct modulus /84
................................... oye AL Forcomectangle
(i) METHOD 1
|1 +12+3— 4()| M1 For use of correct formula
oo, T =46 ~9.80 Al 2 For correct distance
JI2 422 4 (-1) 6
METHOD 2
A+A)+2(6+24)—(-3-1)=40 Ml For substituting parametric form into plane
= A=4=d=46 Al For correct distance
OR distance from (1,6, —3) to (5,14, —-7)
=/4% +8% +(-4)? =96
METHOD 3
Plane through (1, 6, —3) parallel to p is Ml For finding parallel plane through (1, 6, —3)
x+2y-z=16 = d:40_16:£ Al For correct distance
J6 e
METHOD 4
e.g.(0,0,-40) onp Ml For using any point on p to find vector
= vector to (1, 6,—3) = (1, 6,37) and scalar product seen
e.g. [1,6,37].[1,2,-1]
_ 1, 6,37].[1,2, 1] _24 Al For correct distance
J6 J6
METHOD 5
I'meets p where (1+5¢)+2(6+6t)—(-3-7t) =40 For finding ¢ where / meets p
=1t=1 =>d= |[5 6, — 7]| sin@ M1 and linking d with triangle
24 Al For correct distance
= d=+110
A
2 METHOD 1 1
@ » g lLig Ml EITHER For changing LHS terms to 2 0
0 Y a2
EITHER 1*€__¢° *e . _ | coslo
1—¢l? 4o lie OR in reverse For using cot560 =———
€ —¢ sin 5 0
2coslo . .
:—zzicot%ﬁ M1 Cos %lgie_%lg
—2isinlg For either of log=" —  soi
2 sin 2 (2)()

Al3 For fully correct proof to AG

SR If factors of 2 or i are not clearly seen,
award M1 M1 A0

OR in reverse with similar working
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2 (i) METHOD?2
116l [_eif o0 _ -0
EITHER 7 % S0 = VI M1 For multiplying top and bottom by complex
I—e™ 1-e 2- (e e ) conjugate in exp or trig form
OR l1+cos@+isin@ 1-cos@+isind
1-cos@—isind 1—cosf+isind
ising 2isin % 0 cos % 0 1 M1 For using both double angle formulae
= = R = 1c0t59 correctly
2-2cos0 2sin” 50 Al For fully correct proof to AG
METHOD 3
1+cos@+isin® 2cos’ %9 +2isin % 0 cos % 0 Ml For using both double angle formulae
I-cos@—isind  2sin*1o-2isinlocosle correctly
_ 2cos % 0 (COS % 0 +isin % 9) M1 For appropriate factorisation
2sin%9(sin%0—icos%6’)
ol sl
sins @ —icos= 6
_ icot%é’ ( 2 2 ) _ icot%& Al For fully correct proof to AG
(sin%é’—icos%@)
METHOD 4
e % Ml For substituting both  formul tl
lcosO+isind  1ag  1es? or substituting both 7 formulae correctly
1-cos@—isind 1-£2 2
1+ 1+
24200 114ir it-i 1o Ml For appropriate factorisation
T2 it PP —;:—100 2 Al For fully correct proof to AG
METHOD 5
1+¢'? l+ei9_1+26i9+ezi9 )
1—ei? x 14cif - 1_ 20 For multiplying top and bottom by 1+ el?
2+ et 710 Ml and attempting to divide by el?
e 10 _¢lf OR multiplying top and bottom by 1+¢~1?
_ 2(1+cost) 2cos’ %‘9 B 005%9 Mi For using both double angle formulae
—2isin@ —2isin%9 cos%& —isin%ﬁ correctly
= 1c0t%6’ Al For fully correct proof to AG
(i) im im .
z w Ml For a circle centre O
Al For indication of radius = 1
and anticlockwise arrow shown
re Bl For locus of w shown as imaginary axis

described downwards
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3 (i) METHOD1 Ml For correct auxiliary equation (soi)
METHOD 2
. . d
Separating variables on ay +4y=0
— Iny = —4x M1 For integration to this stage
= CF (y=)de ™ Al For correct CF
(i) PI (y=) pcos3x+gsin3x B1 For stating PI of correct form
y'=-3psin3x+3qcos3x Ml For substituting y and y' into DE
= (-3p+4q)sin3x+(4p+3g)cos3x =5cos3x Al For correct equation
3p+4g=0 4 3 Ml For equating coeffs and solving
= 4p+3g=5 =P=5 49=3 Al Al For correct value of p, and of ¢
GS (y=) Ade™* +4cos3x+3sin3x BIV 7 ForGS ) ] )
5 5 f.t. from their CF+PI with 1 arbitrary constant
in CF and none in PI
SR Integrating factor method may be used, followed by 2-stage integration by parts or C+iS method
e eee e - 2o VaTKS fOT (1) are awarded only if CF is clearly identified _
(iii) —4x 40 %COS3X i %sin 3y = sin (3x + a) Ml For considering either term
i cos
— —1<y<l OR -1<y<l AIN 2 For correct range (allow < ) CWO
o fit. as —\/pz—i-qz <y§«/p2+q2 from (i)
4 (i) abc = (ab)c = (ba)c = b(ac) = M1 For using commutativity correctly
b(ca) = (bc)a = (cb)a = cha Al 2 For cofl:re:ctp?ot(.)f"t —
Minimum working: (use of associativity may be implied)
abc = bac = bca = cba
OR abc = acb = cab = cba
____________ OR abe=bac=bea =cba_ . .
(i)  {e, a},{e, b},{e, c},{e, bch,{e, ca},le, ab},{e, abc} Bl For any 5 subgroups
et suamot et emnee s semsnnmme e s eeen e smmnn s mme e e cmen s soee - -Bd . 2. FOT the other 2 subgroups and none incorrect
(iii) {e, a,b, ab}, {e,a,c,ca}, {e, b, c, bc} Bl For any 3 subgroups
{e, a, bc, abc}, {e, b, ca, abc}, {e, c, ab, abc} Bl For 1 more subgroup
{e, bc, ca, ab} B1 3  For I more subgroup (5 in total)
U P PP .11 [2)1 10 < SO
(iv) All elements (# ¢) have order 2 B1* For appropriate reference to order of elements
OR all are self-inverse inG
OR no element of G has order 4
OR no order 4 subgroup has a generator or is cyclic
OR subgroups are of the form {e, a, b, ab}
(the Klein group)
= all order 4 subgroups are isomorphic Bl For correct conclusion
(*dep)2
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5 @) dy k! du M1 For using chain rule
= u —_—
dx dx Al For correct Y
- i d
= xkuF T =430 = 2k Ml For substituting for y and ay
= d_”+iu == xyktl Al 4  For correct equation AG
dx kx &k
(i) =-1 B1 1 For correct &
(iii) d—u—éu oy S TF e—j%dx o3lnx B1Y For correct IF
3 3
dex X f.t. for IF = x*
using k or their numerical value for &
- 4 wl]o_ L Ml For i(u.their IF) = —x.their IF
del 3 x2 dx
1 1 Al For correct integration both sides
Su—S=—(t) = y=——7 Al 4  For correct solution for y
X X cxX” +x
6 (a) Closure (ax+b)+(cx+d)=(a+c)x+(b+d) B1 For obtaining correct sum from 2 distinct
elements
eP Bl For stating result is in P
OR is of the correct form
SR award this mark if any of the closure
result, the identity or the inverse element is
stated to be in P OR of the correct form
Identity 0x+0 B1 For stating identity (allow 0)
Inverse —ax—b Bl 4  For stating inverse
(b) i) Order9 B1* 1  For correct order
(i) x+2 B1 1  For correct inverse element
...... R R iy
(iii) (ax-+b)+(ax+b)+ (ax+b) = 3ax+3b For considering sums of ax+b
and obtaining 3ax + 3b
=0x+0 For equating to O0x+0 OR0
= ax+b hasorder3V a, b (except a=b=0) Al and obtaining order 3
SR For order 3 stated only OR found from
incomplete consideration of numerical cases
award Bl
Cyclic group of order 9 has element(s) of order 9 M1 For reference to element(s) of order 9
(*dep)
= (0,+(mod3)) is not cyclic Al 4  For correct conclusion
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R

7 ()
Bl For sketch of tetrahedron labelled in some
way
At least one right angle at O must be indicated
or clearly implied
(/ P
M1 For using A :%base x height
AOPQ=%pq, AOQR=%qr, AORPz%rp Al 3  For all areas correct CAO
..... TR S e —
%RPXRQ :%|RP||RQ|sinR = APOR Bl 1 For correct justification
...... T
(@) LHS = (% pq) +(%qr) +(%rp) B1 For correct expression
_ 1 . . .
APOR = 5|(p1—q]) X (pi-rk)| Bl For APQR in vector form
OR  L|(pi—rk)x (gj-rk)|
OR L|(pi—qj)* (gj—rk)|
A POR = %|qri + pri+ qu| M1 For finding vector product of their attempt at
APQR
Al For correct expression

RHS:%((pq)2+(qr)2+(rp)2) Ml For using |ai+bj+ck|:\/az+b2+c2
Al 6  For completing proof of AG WWW




4727 Mark Scheme June 2011

8 @ , A S MI* For expanding (¢ + is)4 : at least 2 terms and
Re(c+is) =cos4f0=c" —6¢7s" +s 1 binomial coefficient needed
Al For 3 correct terms
cos4¢9=c4—6cz(l—c2)+(l—cz)2 Ml For using s?=1-¢?
(*dep)
= cosdl = 8cos‘_‘ 0-8 gos2 0+1 L Al 4  For correct expression for cos46 CAO
() os40cos260 = (804 —8¢% + 1)(2c2 - 1) For multiplying by (202 - 1)
e =16c0s®0-24c0s 04100057001 ] B A W
(i) 1600 —24c% 1102 =220 M1 For factorising sextic
= (02 - 1)(8c4 _4y 1) -0 with (c—1), (¢ +1) or (2 1)

For quartic, »2 —dac=16-32<0 Al For justifying no other roots CWQO
= c=xlonly= O=nr Al 3 Forobtaining d=nr AG
Note that M1 A0 Al is possible
SR For verifying 8 = n x by substituting ¢ =+1
into 16¢® —24¢* +10¢ -2 =0 BI

(V) 16¢° —24¢* +10¢2 =0

= c? (804 —12¢% + 5) =0 M1 For factorising sextic with ¢?
For quartic, b> —4ac =144-160 <0 Al For justifying no other roots CWO
= cosf =0 only Al 3 For correct condition obtained AG

Note that M1 A0 Al is possible
SR For verifying cos & = 0 by substituting ¢ =0

into 16¢® —24¢* +10c* =0 BI

1

X satisfy

SR For verifying 6 = %ﬂ and 0 =-
cos4d cos20=-1 Bl




